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Periodic Symmetric Functions, Serial Addition,
and Multiplication with Neural Networks

Sorin Cdpfama and Stamatis Vassiliadisellow, IEEE

Abstract—This paper investigates threshold based neural net- a neural gate has to contain a threshold valyea summation
works for periodic symmetric Boolean functions and some related device, 3, computing F(X) and a threshold element,
operations. It is shown that anyn-input variable periodic sym- computing F(X) = sgn(F(X)).
metric Boolean function can be implemented with a feedforward It Il Kk h bi Bool f . b
linear threshold-based neural network with size ofO(log ») and tis we n_own that an arbitrary Boo ee}n unction Cf”m e
depth also of O(log n), both measured in terms of neurons. The computed using AND, OR, and NOT logical gates with no
maximum weight and fan-in values are in the order of O(n). restriction in size. Given that the neural gate can also compute
Under the same assumptions on weight and fan-in values, anthe logical AND, OR, and NOT [6], it can be used as the
asymptotic bound of O(log n) for both size and depth of the = ¢,4ctignal element for feedforward multilayer networks [6]

network is also derived for symmetric Boolean functions that can ¢ te det inistically th tout val f Bool
be decomposed into a constant number of periodic symmetric 0 compute deterministically the output values of boolean

Boolean subfunctions. Based on this results neural networks functions.

for serial binary addition and multiplication of n-bit operands Given that Boolean functions represent the foundations for
are also proposed. It is shown that the serial addition can be the computer-based computational paradigm, they have been
computed with polynomially bounded weights and a maximum  he gbject of numerous scientific investigations. Traditionally,
fan-in in the order of O(log n) in O(n/log n) serial cycles, Boolean functions have been implemented using Boolean
where a serial cycle comprises a neural gate and a latch. The . p g
implementation cost is in the order of O(log =), in terms of _networks. _For a theoretical survey of _Boolean _netw"brks
neural gates, and in the order ofO(log® =), in terms of latches. implementing well known Boolean functions, the interested
Finally, itis shown that the serial multiplication can be computed reader is referred to [7]. Furthermore, in the past, a number
in O(n) serial cycles with O(log n) size neural gate network, of jyestigations have established a number of algorithms
and with O(nlog n) latches, The maximum weight value in the designs of practical importance. As a matter of fact, it

network is in the order of O(nQ) and the maximum fan-in isin | ;
the order of O(nlog n). is well known that a number of Boolean functions can be

Index Terms—Counters, feedforward neural networks, major- (a_nd have been) implemented using a plurality of algo_rithms
ity logic gates, McCuIIocH—Pitts neural networks, parit;/, serial with Boolean ”et""?rks? s_ee for ex_ample, [8] for the design of
binary adders, serial binary multipliers, symmetric functions, frequently used arithmetic operations.
threshold logic. At no exception, linear threshold gate-based neural networks
for the design of Boolean functions follow the paradigm of the
Boolean network investigations. The investigations primary
concern on minimizing one or more of four parameters,
I N assuming threshold-based neural netwbritee basic namely: the depth of the network (determined by the number of

processing element can be a linear threshold (neuralf gatgers in the circuit), the size of the network, i.e., the number of

. INTRODUCTION

computing the Boolean functiof'(X') such that functional elements which in the contest of our discussion can
1 if F(X) >0 be measured in terms of neural gates, the maximum number
F(X) =sgn (F(X)) = . = of inputs required by the functional elements, and the size of
0 if F(X) <0 .
. the weight values.
F(X) = Z wiTi — . A spgmal class of Boolean functlons_, th.e symmetric (and
— generalized symmetric) Boolean functibnss encountered

frequently in the realization in hardware of computer oper-
The set of input variables and of weight values associtions (e.g., error detection, arithmetic computations, etc.).
ated with the inputs are defined respectively by, =
(x17x27"'7xn—17xn) andQ:(w17w27"'7wn—17wn)-SUCh 3 . . . . .
The computation using Boolean networks, as defined in [7], requires a
Manuscript received February 12, 1997; revised June 9, 1998. supply of components denoted as gates, with the gates computing some basic
The authors are with the Electrical Engineering Department, Delft UniveBoolean functions, interconnected into a system called “network” to compute
sity of Technology, 2600 GA Delft, The Netherlands. one or more other Boolean functions.

fubllgher ltem Identifier S 1045-9227(98)07011-8. 4A Boolean symmetric function is a Boolean function for which its output
In this presentation for simplicity we also refer to them also as thresholgjye entirely depends on the sum of its input values. The Exclusive-Or
networks. (parity) of n variables is an example of a symmetric Boolean function. A
2Such a threshold gate corresponds to the Boolean output neuron introdugederalized symmetric Boolean function is either a symmetric function or a
in the McCulloch—Pitts neural model [1], [2] with no learning features. Waonsymmetric Boolean function that can be transformed into a symmetric
note that currently there are some possibilities for the implementation of neuBalolean function by trivial transformations, and can be considered to be
threshold devices in CMOS technology [3]-[5]. symmetric for all theoretical purposes.

1045-9227/98%$10.001 1998 IEEE
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Given that symmetric (generalized or not) functidbosnstitute this open question. We resolve it in part by addressing the
a frequently used class of Boolean functions and becausalization of periodic symmetric functions, a general class of
they are expensive to implement in hardware they have besypmmetric functions that includes the Exclusive-Or function.
and continue to be, the subject of numerous theoretical aimdparticular we prove the following.
practical scientific investigations. « Any n-input periodic symmetric Boolean function
In this presentation we assume polynomially bounded E,(x1,x3,---,2,) with period T containing two
weight and fan-in values and investigate logarithmic depth transitions inside it and having the first positive transition
and size threshold-based neural networks for the class of gt , — ¥, x; = a can be implemented with an
symmetric Boolean functions. We prove that such networks 1 4 Mog([(n — a)/T7 + 1)] depth and size feedforward
are feasible for the class of periodic symmetric Boolean network, both measured in terms of neural gates.
function$ and for symmetric Boolean functions decomposable « Any n-input periodic symmetric Boolean function
into a constant number of periodic symmetric subfunctions. E,(x1,xa,---,,) with period 7 containing more than
Additionally, we investigate the benefit our results can have two transitions inside it and having the first positive
if used in the implementation of serial binary addition and  transiton atz = a; can be implemented with a
multiplication. t + [log([n — a1 /17 + 1)] depth and size feedforward
This paper is organized as follows: In Section Il we present network, where is the number of neural gates necessary
related work and the main results of this investigation. In g imp|ement the restriction of the function to the first
Section Il we discuss some preliminary results. In Section IV period.
we prove the main results related to periodic symmetrice Any symmetric Boolean function that can be decomposed
functions. In Sections V and VI we present new schemes for into a constant number of periodic symmetric subfunc-
serial addition and multiplication, respectively. We conclude tijons can be implemented with a feedforward network

the presentation with some final remarks. with both size and depth, measured in terms of neural
gates, in the order o®(log n).
II. RELATED WORK AND MAIN RESULTS Given that a number of Boolean functions present in com-

e&uteré belong to the class of periodic symmetric functions we

In the late 1950’'s it has been shown by Muroga [9] th X ) o ;
symmetric functions can be computed by depth-2 feedforwaﬁ‘ﬂfther investigate the implications that our results have in the

threshold networks withn+1) neural gates. This size, without'MPlementation of some arithmetic operations. A number of in-
increasing the depth, has been improved by Minnink [1(y]est|gat|ons have been reported regarding the implementation
with threshold-based neural networks of arithmetic operations

to be (n/2 + 1) and recently in [11] it has been shown e elial
that concerning the parity function, one important symmetrRt/C @s addition, multiplication, see, for example, [12], [14],
present in most hardwired computational en-

Boolean function, a depth-2 network requires a size of at Iee{éf’]* and [1,7]’ A - )
Q(n/log? n) threshold gates. By increasing the depth by ongdines. The investigations mainly concern with the upper/lower

Siu et al. [12] have shown that Boolean symmetric function@oUnds for the depth of the networks (worse case delay)
require at mos,/n + O(1) neural gates. and the cost (the size of the network) to be expected in a
The previously mentioned investigations have focused ffalization. All known results, see, for example, [12], [14],

achieving very small depth at the expense of the size Bl and [17], concern parallel circuit implementations.
the network. One additional important question relating to An important class of circuit |mplementat|ons, namely serial
the capability of producing small depth and area eficieff'Plementations of the operations, have not been addressed
symmetric function realizations has been investigated by Kadf$'S far. Serial implementations constitute an important class

[13] in the 1960's. Kautz has shown the following for the&f circuit design in that there are numerous applications, such
exclusive-or (parity): that thei-way Exclusive-Or can be as signal processing [18], that require such design techniques.

realized by a feedforward neural network with(log ) The reason for such requirements are usually dictated by serial
neural gates ir0(log 1) depth, withO(n) weight values and data transmission, performance constraints and implementation

number of inputs per neural gate (fan-in). Kautz's investigatid??St' Generally speaking, serial architectures combine serial

however did not provide an answer to the following generfi@!@ transmission with serial computation. Given the serial
question: reception of the operands, during the computation, interme-

e Is it possible to realize in hardware the entire class giate results wave through the arithmetic units serially, most

symmetric functions by)(log n) depth and size feedforwardcommonly digit by digit. Sometime the input data can also

networks with neural gates as processing elements? come in blocks pﬁ—blts ata tlme r_ather than digit by _dl_glt or
As far as we know, this open question has found no answiiF by b"F' _For this tyPe of appl|cat|ons_ and_because I IS more

thus far. In this paper we assume the same order of magnit&%'eral it is more suited to refer to &bit serial computations

for the weight values and for the fan-in and we investigaﬂQStead o_f plt serial or digit ser.lal. We adopt this notation in
the remaining of the presentation.
5To abbreviate the presentation, we will use in the rest of the presentationThus far all the investigations in-bit serial architectures

the terms symmetric functions and symmetric Boolean functions interchan%sumed |OgiC implementation with technologies that directly
ably for symmetric Boolean functions.

6A periodic symmetric function is a symmetric function which output
values repeat after a certain interval called the function’s pefipd.e., "They are either symmetric functions, e.g., error detection, or generalized
F(z)=F(z+1T). symmetric functions [14], [15], e.g., arithmetic operations.
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implement Boolean gates [19]-[23] and no studies have bqe&)
dedicated to such designs using threshold-based neural niet-
works. We assume LSB first operand reception and mvestlgat{a
6-bit serial addition and multiplication in the context of
feedforward neural networks. We are mainly concerned in, ‘\} ‘\\ Ay J
establishing the limits of the circuit designs using threshold- ‘
based neural networks. That is we are interested in establishing
theoretical bounds for delay and size of an implementatidrig- 1. Symmetric function graphic representation.
We assume that small weight sizes are bounded at most by a
polynomial size, i.e., \_/veight values in the order@fn*), and the input vectorX = (zy, 22, -, 2,) With an integer scalar
prove that the following holds true. x with its value given by~ x; without loosing any infor-
* The addition of twon-bit operands can be performedmation. Consequently, any symmetric functionrof/ariables
serially assuming a data transmission rate in the ordgg(xl’x%...’xn) can be described by a list of thosesalues
of O(log n) bits per cycle, in an overall delay infor which F, is one.
the order ofO(n/log n) serial cycles, with the serial Obviouslyz can assume only discrete values between zero
cycle comprising a neural gate and a pipeline latch. Thgéd», but as a matter of simplicity we will use the notation
implementation cost is in the order 6*(108 n), interms x ¢ [k,1] in order to specify that: assumes values in the
of neural gates, and in the order @f(log n), in terms integer set{k,k 4+ 1,---,1},0 < k < I < n. Given that
of neural latches. The weight values are polynomially ¢ [0,n] and because the values for which F,(z) is
bounded and the maximum fan-in is in the order afqual with one can be potentially merged in intervals we can
O(log n). graphically describe any symmetric function as in Fig. 1. In
 The multiplication of twon-bit operands can be seriallythe figure eachu;,i = 1,2, -- -, k defines a positive transition
computed inO(n) serial cycles. The implementation cosbf F,, eachb;,i = 1,2,---,k defines a negative transition

ay bl ay b2 ay bk n

is in the order ofO(log n), in terms of neurons, and inof F, anda; < by < as < by < -+ < ap < bx. That
the order ofO(nlog =) in terms of neural latches. Theis equivalent with saying thaf(z) is one for all the input
maximum weight value is in the order 6f(n?) and the combinationst for which 3i € [1, k] such that € [a;, b; — 1]

maximum fan-in is in the order af(nlog n). and zero otherwise.

These results establish limits of size and delay to beAn other suggestive way of representing symmetric func-
expected in an important class of circuit implementations ftions can be derived by linking the graphical representation
the serial binary addition and multiplication, extensively usedipicted in Fig. 1 with a formal expression. Thus any sym-
operations. metric function can be expressed as a “sum” of the intervals

in which I, has the value one

£+ £ _
ll. PRELIMINARY RESULTS Fi(e) = aiby +ayby + -+ ail; (1)
The class of symmetric Boolean functiofis is a subset of N
B,,, the set of all-variables Boolean functions, and it containgvherea; = 1if © > a;, fori =1,2,--- kb7 =1if 2 < b;,

a number of fundamental functions, e.g., counting and sortif@y ¢ = 1,2,---,k concatenation means logic AND anrgd
functions. A Boolean symmetric function is a Boolean functiomeans logic OR.
for which its output value entirely depends on the sum of its Given that we have introduced the basic definitions and
input values. More formally it can be defined as follows. concepts we can initiate our investigations concerning the
Definition 1: A Boolean function of n variables implementation of symmetric functions with feedforward neu-
F, ¢ B, is symmetric ie,F, € §,, iff for any ral gate-based networks by proving some preliminary results.
permutation o of (1,2,--- n), F,(z1,z2,---,7,) = In the remaining of this section we focus our investigation
Fo(Zo(1), To(2), " Ta(n))- and proofs on feedforward neural networks which follow
Because any input vectoX = (1, xo,--+,7,) € {0,1}* the structure of the networks proposed by Kautz [13] or by
with exactlyi ones is a permutation of any other vector wittMinnink [10],2 i.e., in which any gate receives as inputs at
exactlyi ones, it can be said thdt, is symmetric iff /,(X) least the input vectoiX.
depends only on the number of ones in the input vedfor ~ Property 1. Any symmetric function/,(X) of n variables,

Thus instead of the usual truth tablel, F,(X)) we can X = (z1,%2, -+, Zs_1,%,), Can be described with an expres-
describe anyF, € S, by its spectrumw = wowy ---w,, Sion like (1) with at mos{(n + 1)/2] terms (intervals).
which is an(n+1)-bit binary word with each bity; giving the Proof: Any symmetric function of: variables is charac-

value of F, when exactlyi input variables are one. Obviouslyterized by a spectrumy with n» + 1 elements. That is to say

the number of distinct spectra gives the dimensiorspfand it can be graphically represented in the input domigim].

thus there ar@™*! functions inS,,. In order to define an interval in the graphical representation
In the following we will consider that the generic inputof F,(z) we need two different numbers and b; as it can

r = X", x; can assume one of the valuesl,2,---,» in be observed in Fig. 1. Each number between zeroraedn

Ord_er tO indicate the number Of_ 'npuva =1, 27 AL 8We note here that with some additional precautions our results can be
which have the value one. That is to say that we can replasg:nded and proved also for other feedforward neural-network structures.
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Fig. 3. Modification of theﬂo’k](x) network in order to implemenf(z).

be used at most in the definition of only one interval, eithfhus the implementation cost which applies #&f*"! (x) is
asa; or asb;, because otherwise the intervals overlap or joimaintained also fo#;(x) because we do not have to add any
Therefore, it is not possible to define more thgn + 1)/2] extra neural gate to the network implementing the restriction.
distinct intervals. | Lemma 2: Any symmetric functionF(z) of n variables
Definition 2: Given a symmetric functiod,(x) of » vari- and with the last transition at = k£ can be implemented
ables specified by a spectrum = wow; - - -w,, it is always with neural gates at the implementation cost of the restriction
possible to define a restriction df,(z) to the input interval of F,(z) to the input interval[0, k], Z1**(z), which is a
k.1, F¥(2), for any k.1,0 < k < I < n. F*(z) is a symmetric function of variables, plus at most an extra neural
symmetric function of! — k) variables that has afi —k+1)- gate.
bit spectrum® = oy - - - W deduced from the initial Proof: The positioning of the last transition at = &
spectrumw as; = w4 for s = 0,1,---,1 — k. means that the spectrum bit8gy1, wg4o, -+, w, dO not
Lemma 1: Any symmetric functionF,(z) of » variables Pprovide any additional information about;(z). Thus it is
and with the first positive transition at = k can be imple- €nough to memorize only the firk +1) bits of the spectrum
mented with neural gates at the same cost as the restrictiorin order to have a complete description 6f(z). The
of Fi(x) to the input intervallk, n], F{*"(x), which is a SPECUTUM restrictions = wow, -+~ wj i & (k + 1)-bit word,
symmetric function of(n — k) variables. i.e., the spectrum of an other symmetric functih” 1(ac)
Proof: Any Symmetric functionFS (.’L’) of n. variables can of k Variablgsd ’!f we construct a feedforward network which
be characterized by its spectrum= wow; -+ w,. The fact implementsZi**(z) it obviously implements als@(x) for
that the first positive transition is positionedat= k means ¢ € [0, k] but it might produce some spurious transitions for
that the spectrum bitg w1 - - - wy give all the information # > k. In order to cut out these unwanted_transitions it is
about F,(z). Consequently, it is enough to memorize thes@ough to connect an extra neural gate with the threshold
bits and the value of in order to have a complete descriptiort# + 1) to the last neural gate of the feedforward network
of F,(z). As a matter of fact the spectrum restrictian— that implements/i*(z). This modification is graphically
WeWig - - wy 1S an(n — k 4 1)-bit word, i.e., the spectrum depicted in Fig. 3. The weight value for this new input added
of an other symmetric functiof!*"™(z) of (n — k) variables. 0 the last neural gate in the network has torhef the last
As it can be observed in Fig. 2, the restriction Bf(x) to transition in the specification of () is positive, or—n, if

Fs[k,n}(x) is equivalent with a translation of the origin fromthe last transition in the specification @&f;(x) is negative.

zero tok. Thus a feedforward neural network that implement-‘l;,hIS new element .W'” forcg the_ global OUtPUt of the ngtwork
one if the associated weightsisor to zero if the associated

F,(z) can be constructed from the feedforward neural networR

: - k] , weight is—n for anyz, k < z < n. [
that implementsis™" () by addingk to each threshold value Lemma 3: The implementation cost, measured in terms of

assigned to the neural gates that compose the network in Orrcilgﬂral gates, of any. variables symmetric functior’, ()
to translate the intervals back in their correct positions. There '

is no need to mOdIfy also the Welght values associated to th@We note here that the weight and the threshold values assigned to the

gate inputs because the spectrum restriction process PresepuRs composing the feedforward network that implemdiifs™! (z) were
the distances between intervals and the lengths of the intervats.specified in the figure because they are not relevant in this context.
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F (x) Theorem 1: Any periodic symmetric function
P  First Period F,(x1,22, -+, %n_1,7,) With the period 7 and two
L ' ' transitions inside the first period specified hy and b
‘\ \\ \\ can be implemented with a feedforward network having
0 A Y AT r = 1+ [log([n — a/T] + 1)] size and depth, and the
a b asT  beT 22T bs2T n X values of the thresholds and the weights associated with the

neural gates given by

Brr=a, Pr_1y-1=0b
defined with & intervals, with the first transition at = Bii = Biytivr + 72070+
m, and the last transition at = M is the same as the i=r—2,r—3---,2,1
!mplementatlon Ec[),?ltj\%f the .restrlctlon (ﬂs(a}). to the llnput Bip = —T20=+D) G i1t 2 — 11
interval [m, M], F5"""(x), i.e., a symmetric function of ’
(M —m) input variables and with the same number of intervals ~ Proof: The network we propose has a similar structure to

Fig. 4. Periodic symmetric function.

k, plus at most one neural gate. the network used by Kautz [13] in the implementation ofthe
Proof: The proof is immediate as a result of successiwgay Exclusive-Or and it is depicted in Fig. 5 where the generic
application of Lemmas 1 and 2. m input x designates the entire set of inpyts,, z2, -, x,},

Thus far we have investigated cost related properties tteich one with weight one. Now we have to prove that given
apply to the implementation with feedforward neural network§e values we assumed for ti¥s, the output of the network
of the entire class of symmetric functions. In the section fellows the value assumed I, (z) for all the possible values
follow we restrict our investigation to periodic symmetricof the input variabler.
function. In particular we assume feedforward neural gateAs a consequence of Lemma %, can be implemented
based networks with weight and fan-in values in the ordet the same cost as its restricti(ﬁ;ﬁ“’"]. Because each period
of O(n) and investigate the possibilities they can offer in theontains one interval/™! can be specified with an expression
implementation of periodic symmetric function. like (1) that containg(n — a)/T] intervals. This means that
also F, has only [(n — a)/7"] positive transitions. As was
suggested in [13], for this type of feedforward networks the
number of positive transitions at the output of the elemeist

Consider the symmetric functiof, (=) graphically repre- at most2"—*. This upper bound is imposed by the fact that the
sented in Fig. 1 and assume that the transitions are setfigdviousr — 1 element outputs can be combined in order to

IV. PERIODIC SYMMETRIC FUNCTIONS

such that yield different apparent thresholds for the elemeint at most
27—l ways. Because after the last positive transition which
a;=a+({i—-1)xT corresponds ta = X!_, 3;, no negative transition can occur
bi=b+(i—-1)xT the number of intervals that can be covered by a network with

r elements i2"~! — 1. Consequentl™! —1 = [(n—a)/T]

for all ¢,4 = 1,2,---,4m.x and a given integer constafit and this equation leads to= 1 + [log([(n — a)/T] + 1)]
This assumption on the transitions means actually that theural gates and no feedforward network structured like the
function repeats its value if the generic inpuincreases with a network in Fig. 5 with fewer number of elements (levels) can
multiple of 7", i.e., the function has a periodical behavior. Morémplement £;,.
formally we can define a periodic symmetric functibj(z) as We still have to prove that the algorithm we proposed for
a symmetric function for whicAT’, an integer constant calledthe computation of the weight and threshold values settles
the function’s period, such thdt,(z + kT") = F,(z), for any the 2"—! positive transitions in the right positions, i.e., at
x+kT € [0,n],2 € [0,T—-1], andk =0,1,---,[n/T]. Such z = a+ kT, and also the negative transitionszat b + kT,
a symmetric function is graphically depicted in Fig. 4. for k =0,1,---,[(n — a)/T] — 1. In the general case, from

Obviously for any periodical symmetric functiofi,(z), the2 ! possible positive transitions at the output of tth
defined as in the previous paragraph, it is enough to kna@kement, onlyr transitions are directly settled by the values
T, the value of the period, the valueof the input variable of 3; ,.,i = 1,2,---,7. The remainder o2"~! — r positive
x corresponding to the first positive transition, and the transitions appear at thevalues that are linear combinations
value for the first negative transitioh in order to achieve of the = values that correspond to these independent positive
a complete description df},(x). Generally speaking, in ordertransitions. In our case, as it can be observed in Fig. 5, because
to implement such a function, we have to achieve two goalsf the fact that3,, = a and 3;, = —7T20—0+D) 4§ =
first we have to construct a network that produces the corrdce, - - - ,» — 1, the r arbitrary transitions are settled ata +
output for the first function period; consequently, we have’T,a + 2'T,a + 227, ---,a + 2"~27T. Consequently, the
to extend this network such that it covers all the functiodependent transitions appear at all linear combinations of the
transitions within the function definition domajfi, »]. In the independent ones and it follows that we have transitions also
following theorem we will use this approach and introducat a + (20 4+ 2)7",a + (2° + 22)7, - ,a + (2° + 2! + 22 +
a logarithmic depth and size feedforward neural network for- + 2"=2)7 and thus we have positive transitions at all
periodic symmetric functions. x=a+kT,k =0,1,---,[(n —a)/T]| — 1. The fact that
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Level 1 @
Bia
Level 2 /@

Level r-1

Level r F (x)
p

Fig. 5. Symmetric periodic function implementation by feedforward neural network.

F(x) First Period values of the thresholds and the weights associated with the
neural gates given by
l Bji =B g + 1200+
ap by ay by a by apT bpr C Bix = — T2r=G+=1), j<r—t
Fig. 6. Generalized periodic symmetric function. k=j+15+2,---,r—17

t is the depth of the network which implements the function
we have the negative transitions settledcat b+ k7" can be FIEO’T],the restriction off’, to the interval0, 7'], and the values
proved by a similar manner of reasoning. Bijforj=r—t+1,r—t+2,---,7 — 1, andB;, for

So far we have proven that the transitions are in the right-¢+ < j < randk =j+1,5+2,---,7— 1,7 are known as
place. Given that the transitions considered account for @dlsults of the synthesis of the functiddO’T].
the transitions that are possible at the output of the network Proof: First we have to build a feedforward network
we proposed, it implies that the output of the network is ongplementing the restriction af), to the input interval0, 7.
iff x is within the transition intervalge + k7,6 + k¥T'),k = Let us suppose that this network has a depth and size equal to
0,1,---,[(n —a)/T] — 1 and zero otherwise as desired. ¢ Allthe 3;,;forr—t+1<j<randg;,forr—t<j<r
Given the particular structure of the network the depth gndk = j+ 1,5 +2,---,7 — 1, are known by now.
also given by the number of linear gates and is equal toThe extension of the depth and size network that im-
r =14 [log([(n —a)/T] + 1)]. B plements the first period to the entire spectrum can be done
Remark 1: The parity function is a periodic symmetricby adding a number of elements given by the logarithm of
function with the periodl” = 2,a = 1,b = 2, therefore the the number of periods included in the entire spectrum, i.e.,
Kautz’s algorithm for the Exclusive-Or function [13] is an[log([n — a1/T] + 1)]. The proof of this is similar to the
instance of the algorithm we have proposed in Theorem 1.proof of Theorem 1. The way we compute the valugs
We can further generalize the concept of periodic symand 3; ;. is straight-forward related to the fact that we need
metric function if we assume thak,(z1, 2, -, 2n—1,2,) positive transitions at = a; + k7" and negative transitions at
is periodic with the periodl’ but inside of each period},, z==b; +kT,fork=1,2,---,[(n—a)/T] — 1. |
has k£ positive transitions, specified by;, and k£ negative Remark 2: If we add the extra assumption th&}, has the
transitions, specified by;,i = 1,2,---,k. The spectrum of last transition at- = M to the assumptions we made éf
such a periodic symmetric function is graphically depicteith the enunciation of Theorem 2 the implementation cost of
in Fig. 6. Obviouslya; andb; have to be ordered such that#}, is reduced tor = t + [log([(M — a1)/T] + 1)]. This
ap < by < az < bz, --,a; < bg. In the following theorem result follows by the straightforward combination of Theorem
we will prove that also this class of periodic symmetri@ with the result in Lemma 3.
functions can be implemented with logarithmic depth and size Asymptotically speaking the results stated in the Theorems

feedforward neural networks. 1, 2 prove that any periodical symmetric Boolean function
Theorem 2: Any periodic symmetric function £, can be implemented with a feedforward linear threshold-based
(x1,22, -, Tp_1,2,) With the periodT and 2k transitions neural network with the depth and the size in the order

inside the first period, specified by;,b,,¢ = 1,2,---,k, of O(log =), both measured in terms of neural gates. The
can be implemented with a feedforward network havingiaximum fan-in is given by the number of input variables
r = t+ [log([(n — a)1 /T + 1] size and depth, and theplus the number of network’s levels and it is in the order of
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O(n). Concerning the maximum weight value obviously it can V. SERIAL BINARY ADDITION
not be greater thafi’2!°s », therefore it is also in the order Generally speaking, the binary addition of two-bit

of O(n). ) _ . operands is performed by adding two operands of length
Another way of expressing the generalized periodic Sy, 5 single(n + 1)-bit number representing the sum. Given

me?”g_ function d_epmt;:j n 'Frl%f 'S, a_slag OR ksum ]f]f that the maximum value of am-bit number enumerated from
periodic symmetric subfunctions) (x),7 = 1,2,---,k each ' 45 ;010 with the bit enumerated by — 1 being the

one having the period” and two transitions inside the f'rStMSB, is 2" — 1 then the binary addition can assume up to

period given bya; andb;. We can further relax the constralnt2(2n_1)+1 different distinct output values. This is equivalent

that all the subfunptlons in whiclf, is decomppsed ShOUId.(t]P Producing a counter capable of operating on weighted inputs
have the same period. Consequently, the function we conside . 11
and counting up to the valug"++ — 1.

Is no longer periodic but it can be expresseduéglF;(x), An nlr counter determines how many of its inputs are “1”

where eachi (x) is a periodic function with two transitions and express this result as a binary number at its output [24].

per period. In the following theorem we will extend the cIasF .
. . : : . n order to be able to represent binary numbers up tine
of symmetric functions that can be implemented in logarithmic

o : ._number of counter’s outputs has to be equal té + [log n].
depth and cost from the cllass of perlodlc symmetric fun.C“o%Sased on the observation that the LSB output bit of such
) . . over all then input bits and on the fact that as a consequence
Theore+m 3.An¥ symmetric fu+nct|onFS(a:1,a:2, "% of Remark 1 the feedforward network depicted in Fig. 5 can
@p) = arby +azby + .-+ ai’b; that can be expressedpe ysed for the implementation of the parity functionrof
as an OR sum of symmetric periodic subfunctiod$, = yariaples withl +[log =] neural gates, we prove that the entire
Uiy Fy(z), where eachF(x) is a periodic symmetric ;|1 | [log 5]) counter can be implemented with feedforward
function of periodZ;, and with two transitions,; € {a;};-1.k neural networks at the same cost as theariable parity
and b, € {b;};=1,x inside the first period, can be imple-f,tion.
mented with a feedforward network with both size and depth

measured in terms of neural gates, in the ordeO(bg 7).  mented with ant + [log ] depth and size feedforward neural
Proof: Each periodic subfunctiott, (), defined by the . .\onc

triplet {al“.bl“T’f}’ can be implemented with a feedforward — p . By its definition, following the base 2 counting
network with 1 + [log([n — ay, /T3] + 1) neural gates. ;o5 a0y counter's output b, i — 0,1,---,[log n]is equal

Becauser’, Is trug anytime ong subfuncuoﬁp(a:) IS trug to_one inside an interval that includ@sconsecutive integers,
one neural gate is enough to implement the summation é{;ery?“ integers, and zero otherwise. Thus eachShitan
the subfunctions. This leads to an overall implementation 98t described by a{ periodic symmetric function with period

_ v . _ .
O(F;) = X (1+ [log([n —ar, /Ti; 1+ 1)]) +1 neural gates. ;1 . cic equivalent to the fact that each bit has its value

From this cost we can derive an asymptotic bound as fOHOW&:\/en by a periodic symmetric function with periagt! and

two transitions inside each interval. We proved in Theorem 1

l
O(F,) = Z <1 + [bg <[” - aﬂ + 1)}) that s_uch_periodic symmetric_functions can be implemented in
Py T, logarithmic delay and cost with feedforward networks.

'Theorem 4: Any n|(1 + [log n]) counter can be imple-

! In Fig. 7 is graphically depicted the network implementing
+1< Z <3 + log M) +1 the periodic symmetric fgnction correspondin_gﬂ@; i.e.., the

= 1, LSB of the counter. As it can be observed in the figure the
neural gate on level— 2 provides at its output the the value of

l
=3l+1+ Z log il a periodic symmetric function with peric2f, i.e., value that
i=1 L correspond to the b, the neural gate on level- 3 provides
Z3141 4 log (n—ay)n—ay) -(n—a,) at iFs output the_ value of a periodic symmetric function with

T, -1, period 2¢ that gives exactly the value of the b and so

n— a I forth an so on. By decreasing the level of the gate with one

<3l+1+log < l £ ) the period of the generated function double its value. The proof

x

of this result follow straight-forward from Theorem 1 and the
=3l+1+1(n—ay)~llog Tj, definition of the counter. Therefore each gate in the network is
<3l4+1+llog(n—a;) <llog n+3l+1 producing an output bit of the counter. The fact that each gate
produce a certain bit, after a delay that is given by the level
wherea;, = min{ay, };=1 4,71, = min{7}, };=1, and it was of the gate in the network, allows the sharing of the gates and
considered that in the worst case scendijois equal to two. leads to the implementation of all thie4- [log n] functions
Given that we assumed that the number of harmohissa that give the values of the output bits of the counter only with
constant the previous result provides an asymptotic complexity+- [log »] neural gates. [ |
in the order ofO(log n) for the network size. The depth of Note that even if the global delay i5 + [log n] each
the network is also in order aD(log ») because it is upper bit S; takes the valid value after a delay that is in inverse
bounded by2 + [log([(n — a;, ) /71, | + 1)]. m relation with its significance. Therefore this solution provides,
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Fig. 7. n|r Counter feedforward neural network implementation.

el n2 e Lo

Operand A Block (n3) -1: Block (n/§) -2 Block 1 Block 0

Operand B Block (n/3) -1 Block (n/8) -2 Block 1 Block 0
-1 10

Fig. 8. Partition of operands ifn/é) é-bit blocks.

because of the structure of the network, first the MSB (carry- If the block pairs are enumerated frofn/é — 1) to zero,
out) of the counter and at the end the LSB of the counterith the least significant pair enumerated by zero, the sum bits
This is an interesting and useful peculiarity of the counters thisiat correspond to paircan be computed independently if we
are implemented with threshold networks constructed with tlkeow the carry-in into the block i.e., the carry out that results

method we introduced in the previous theorem. from the summation of the pair— 1. A feedforward network
In general if the implementation restrictions for the weighwith 6 4+ 1 neural gates produces the sum bits that correspond
values are neglected it can be stated that suck(2& — to the addition of a pair of blocks. This is because the binary

1)|(n + 1) counter is able to perform the addition of twe addition of twoés-bit numbers can assume up2(® — 1) +1
bit numbers. The counter can be built with+ 1 gates and different distinct values and these values can be produced with
each input bit enumerated byi = 0,1,---,n — 1 has to be a2(2° —1)|(§ + 1) counter. Given that the implementation of
weighted® with 2¢ instead of one. This type of counter can béhis counter with neural gates is able to provide the carry-out
viewed as a bit serial adder with the delaynof 1. However, of a block after the delay of one neural gate we can consider
this direct solution is rather expensive in terms of delagne pair of blocks, i.e2§ bits, each clock period. The period
and network size. Apart of that it is not implementable foof the clock is imposed by the maximum delay of the slowest
realistic operand dimensions because it requires exponentiaigural gate in the network. In order to be able to operate in a
large (the maximum weight value fot-bit operands i") pipeline environment we have to modify the structure of the
weight values. In the following we present a new schenwunter by adding intermediate pipeline registers between the
for serial addition that substantially improve all of the designetwork’s levels. We have also to add a feedback line from the
parameters. output of the first gate to its input register in order to provide
Assume that the operands are applied id-bit!! serial the valid carry-in for the next pair of blocks. Note that for
fashion,é being an integer greater than or equal to one. Thisascounter that adds two blocks é6fbits the input bit in the
equivalent with the partition of the two-bit operandsA andB  positioné,i = 0,1,---,6 — 1, to avoid replication, requires a
into [n/6] blocks ofé bits, as depicted in Fig. 8, and assumweight value of2¢.
that the data arrive at the rate 6#its per clock period. At  Given that addition can be viewed as a counting function
most one block, the last block, can have less thaits in the and because the network we proposed in Fig. 7 can be trivially
case thaw is not divisible byé. For simplicity of notation we modified to compute pipelined counting we can perform
assume that the result of the divisiayié is an integer number. binary addition in as-serial? fashion with a pipeline structure
constructed around a neural gate-based feedforward network

101t s also possible to replicate the inputs instead of giving them weigh®ith ¢ + 1 gates and pipeline stages. Given this global
larger than one.

11we note here that th& notation is not casual. We refer herestbecause 12That is to say that both operands are coming with a transmission rate of
as it will verified later this notation suggests a clear link between the delaybits per serial cycle, with a serial cycle comprising a threshold gate and a
of the schemes we proposed andit computation. latch.
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scheme we will investigate in the remainder of this section Theorem 6: The serial addition of twa:-bit operands can
the following questions. be computed iMD(n/log n) serial cycles by a feedforward
e Assuming a transmission rate éfbit per cycle which neural network with polynomially bounded weight values
are the costs and the delay performance of a feedforwandd a maximum fan-in in the order aD(log n=). The
neural network that implements the serial addition of twbit implementation cost is in the order 6f(log n), in terms of

operands? neural gates, and in the order@flog® »), in terms of latches.
e What are the consequences of polynomially bounded Proof: Partition the operands into blocks of at most
weight values on the delay, cost, and fan-in? 6 = klog n bits, with & an integer constant. First implication

Theorem 5: Assuming that serial addition is performed witthere is that the data transmission ratekisg n bits per
the partitioning of the two operands im/§] blocks of at cycle, dictating the most bits a polynomially bounded weights
most é bits and that it is implemented with a feedforwardmplementation requires. Because the maximum weight is
neural network the overall delay &+ n/6 serial cycles. The given by 2° this partition choice will lead to a maximum
implementation cost, in terms of neural gatesdis- 1 and weight value of2*!°8 » = n* j.e., to polynomially bounded
$(56? 4 96) + 2, in terms of latches. The maximum weighteight values.
value is2° and the maximum fan-in i86 + 1. The overall delay for the addition in serial cycles is given by

Proof: Because we partition the operands Jmn/é] klog n+(n/klog n), as aconsequence of (2) and this is in the
blocks, each block containing at mo&tbits the maximum order of O(n/log n). The cost of the feedforward network,
sum for each block i€(2° — 1). Therefore the sum bits for ain terms of neural gates, is given Bylog n + 1 which is
pair of blocks can be computed bysa- 1 stages feedforward indeed in the order of)(log n). The cost of the feedforward
network and the overall delay of the proposed structure network, in terms of latches, is given, as a consequence of
is given by (3), by 3(5(klog n)? + 9klog n) + 2 which is in the order

n—=¢ n of O(log® n). The maximum fan-in is given bk log n + 1
A=f+ld——=6+~ (2) and this is in the order af(log n). [

The structure ha8+ 1 latches at the input in order to be able

to memorize the two blocks and the global carrydéi+ 1+ VI. SERIAL BINARY MULTIPLICATION

latches in order to transfer the data between the leévelsand In this section we propose a logarithmic depth and size feed-
i, fori=1,2,---,6 andé + 1 latches at the output in orderforward neural network for serial multiplication. We assume
to store the output sum bits. Therefore the overall number gfe multiplication of twon-bit operands and a rectang&l‘ér

latches is given by 2n x n multioperand matrix [8] and discuss networks capable
s of reducing the multioperand matrix directly into the final sum
R=26+14+) (26+14i)+6+1 in a block serial manner.
i=1 Theorem 7: The serial multiplication of twa-bit operands
s s s can be computed by@(log =) depth and size, both measured
=36+2+ 262 1+ Z 1+ Z 1 in terms of neural gates, feedforward network(xin) serial
=1 i=1 i=1 cycles. The implementation cost in terms of latches is in the

=26 +46+2+ 53 6(6+1) =% (56° +96) +2. (3) order of O(nlog n), the maximum weight value is in the
) ) __order of O(n?) and the maximum fan-in is in the order of
For this type of feedforward networks the maximum wag%(n log n).
value is2°. The gate with the maximum fan-in is the gate * proor e divide the multioperand matrix into blocks

on the levels of the feedforward network. For this gate theeach block containingog n columns and: rows. Under this

fan-in is given by the number of bits that participate in ONgsq mntion the sum corresponding to a block can be at most
computation step, i.e26 + 1, plus the number of gates thatn( log » _ 1) and it can be represented @rog 7 bits. This

are above this gate in the feedforward network, i¥e.This sum can be computed bys&n — 1)|2log n counter and as

leads to a maximum fan-in &6 +1. _ we proved in Theorem 4 such a counter can be implemented
As a consequence of thé partition the gates in the b

: ) > a/ a neural network witl2log n depth and size.
feedforward network have weights with exponential size and| o;  assume that the blocks areB. j _
2 -

large fan-in. However in practice neural gates with large | 2n/log n] — 1 and the output bits produced
weights and fan-in values can not be implemented [3], [4&;/ ‘the counter areP..i — 0.1..-- 2log n — 1 with
(3] - [ ? s

Because of this we are interested in solutions that fulf'&lhe bit enumerated as zero being the LSB and the

the small weights and fan-in requirements and that do ngt ., merated as2log n — 1 the MSB. For any
deteriorate substantially the delay. Consequently, we introdyge 5. j = 01, [2n/log n] — 2' the bits
73 - P ’

a theorem that investigate the delay, cost and fan-in of the . _ 0.1

. 1, ---,log n — 1 resulting from its summation
feedforward neural gates networks that perform serial addltl%md not further influence the computation for the

under the assumption that the weight values are polynomiaﬂ)bck By and can be reported for output. The bits
bounded. ¥ '

Pt = log n,log n+1,---,2log n — 1 are carries into
13We assume the single addition issue and we develop fully pipelined

schemes and therefore the performance we report will improve for back-to-14Actually on each row only: partial products can have values different
back additions. than zero.



COTOFANA AND VASSILIADIS: PERIODIC SYMMETRIC FUNCTIONS 1127

the next block. Therefore, in order to compute the sum faransitions inside a period, and the first positive transition at
the block B;4; we have to consider + 1 rows instead of x = a; can be implemented withéat[log([(n—a)1/T]+1)]
n. However this will not change the depth and the cost afepth and size network, wheteis the number of neurons
the counter we use because in this case the maximum soetessary to implement the restriction 6}, to the first
can be(n + 1)(2'¢ ™ — 1) = n2 — 1 and this value can be period. We derived an asymptotic bound®@flog =) for the
still represented orzlog n bits. neural realization size and depth for a larger class of symmet-
In order to be able to operate in a pipeline environment functions (which includes periodic symmetric functions),
we have to modify the structure of the counter by addingamely the symmetric functions that can be decomposed into
intermediate pipeline registers between the levels. We haweconstant number of periodic symmetric subfunctions. The
also to add feedback lines from the output bits enumeratewst general problem, the realization of generic symmetric
aslog n,log n+1,---,2log n — 1 to the input register in Boolean functions, possibly by &@(log n) depth and size
order to provide the valid carries-in for the next block. Givenetwork still remains open and the subject of future research.
that the neural network we consider for the implementation Given that a number of functions performing computations
of the (n? — 1)|2log n counter is able to provide the MSB'’sin computers belong to the class of functions we considered,
first we can consider one new block after all the carries aoe can be generalized to these functions, we investigated the
ready, i.e., aftelog = serial cycles, with the serial cyclebenefit our results can have if used in the implementation
comprising a neural gate and a pipeline latch. Under thesk serial binary addition and multiplication. We assumed
assumptions the entire multiplication can be performed feedforward neural networks without learning and with poly-
A =log n(2n/log n) +log n = 2n + log n serial cycles nomially bounded weights, and we proposed new schemes for
and this is in the order o©(n). serial binary addition and multiplication. An overall delay of
As long as our scheme uses only ofi¢ — 1)|2log n O(n/log n) serial cycles, with a serial cycle comprising a
counter the cost of the network measured in terms of neursdural gate and a pipeline latch, was derived for the serial
gates i2log n. The structure hag: +1)log n latches at the addition of two n-bit operands. The implementation cost is
input in order to be able to memorize the block bits and the the order ofO(log =), in terms of neurons, and in the
carries-in,(n+1) log n-+i latches in order to transfer the dateorder ofO(log” n), in terms of latches. The weight values are
between the levels — 1 andi, fori = 1,2,---,2log n — 1 polynomially bounded and the maximum fan-in is in the order
and2log n latches at the output in order to store the outpuf O(log ). Concerning the serial multiplication of twebit
sum bits. Therefore the overall number of latches is given lmperands we proved that it can be computediin) serial

2log n—1 cycles. The implementation cost is in the orderflog n),
R=(n+1)log n+ Z ((n+1)log n +1) in terms of neurons, and m_the 0rder@_(n_log n)in terms2of
P latches. The maximum weight value is in the orderyf*)
+2log n and the maximum fan-in is in the order 6f(n log n).
2log n—1
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